ON THE BOUND FOR A PAIR OF CONSECUTIVE QUARTIC RESIDUES OF A PRIME R. G. BIERSTEDT AND W. H. MILLS
It is easy to show that every prime p greater than 5 has a pair n, n+1 of positive consecutive quadratic residues not exceeding 10. Furthermore, any prime p, such as 43, for which 2, 3, 5, 7 are all quadratic nonresidues has 9, 10 as the smallest such pair. M. Dunton [1] has shown that every prime p, except 2, 7, and 13, has a pair n, n+1 of positive consecutive cubic residues not exceeding 78, and that there exist an infinite number of primes for which 77, 78 is the smallest such pair.
In this paper we prove the analogous result for quartic residues.' THEOREM. Every prime p, except 2, 3, 5, 13, 17, 41, has a pair n, n + 1 of positive consecutive quartic residues not exceeding 1224, 1225. Furthermore, there exist an infinite number of primes p for which 1224, 1225 is the smallest such pair.
PROOF. If p-3 (mod 4)
, then all the quadratic residues of p are quartic residues, and the result follows from the known result for quadratic residues. Hence we may suppose p-1 (mod 4). Let g be a primitive root modulo p. Let X be the quartic character modulo p defined by x(n) =ib if n_ gb (mod p). Then n is a quartic residue of p if and only if x(n) = 1.
Suppose p has no pair of positive consecutive quartic residues less than 1226. Then for every integer N, 1 < N <1224, we have either X(N) 5 1 or X(N+1) ; 1. Setting N= 1 we obtain X(2) 5 
628
we have two subcases which are eliminated by Table II.   TABLE I The case x(2)=x ( It is known, from a theorem of A. Brauer [3 ] that every sufficiently large prime p has a pair of consecutive quartic residues. Our result shows that this is true for all primes p greater than 41. Brauer's proof does not establish the existence of an upper bound for the least pair of consecutive quartic residues of p.
D. H. and Emma Lehmer [5] have shown that there is no bound for three consecutive positive quadratic residues. In other words there exist primes for which the smallest triplet n, n+1, n+2 of consecutive positive quadratic residues is arbitrarily large. The same result is therefore true for three consecutive quartic residues.
